Equations governing the unsteady flow of a viscous, incompressible fluid through a porous structure are derived using the method of volume averaging. Viscosity of the fluid is assumed to be a variable function of pressure.
Introduction
It has long been recognized that viscosity of a fluid can vary with changes in temperature and pressure, [2, 3, 4] , although in the absence of temperature variations it has been customary to assume constant shear viscosity when Newtonian liquid flow is considered. However, many industrial applications involve processes with high pressures that warrant consideration of pressure-dependent viscosity variation of incompressible fluid flow both in free space and in porous media, [6, 9, 10, 11, 12, 13] . These applications involve chemical and process technologies, such as medical tablet production, crude and fuel oil pumping, food processing, and fluid-film lubrication theory, and microfluidics [8, 13] . These and other applications of pressure-dependent viscosity variations of fluid flow in porous media motivate the current work in which we model the unsteady flow of a variable viscosity, incompressible fluid through a porous medium. The goal is to develop a set of governing equations that describe the flow in variable porosity porous media. This is accomplished in the current work by intrinsic volume averaging of the continuity equation and the Navier-Stokes equations over a control volume composed of solid and pore space.
Governing Equations
In free space, the flow of an incompressible fluid with pressure-dependent viscosity is governed by the equation of continuity and the equations of linear momentum, namely 0
where
 is the velocity vector field, p is the pressure,  is the fluid density,
is the viscosity of the fluid that is assumed to be a function of pressure.
In order to develop a set of field equations governing the flow of an incompressible fluid with pressure-dependent viscosity through an isotropic porous medium, the equations governing the flow in free space will be averaged over a Representative Elementary Volume (REV), introduced in [1] . The effects of the porous microstructure on the flowing fluid will be accounted for through the concept of a Representative Unit Cell (RUC), introduced in [5] .
Typical condition on the velocity vector is the no-slip assumption on the solid matrix. This is implemented in this work and translates to 0
on the stationary solid matrix. At the outset, equation (2) is written in the following dyadic form that is suitable for volume averaging:
and the equations to be averaged are thus Equations (1) and (4) .
Following [1] , a Representative Elementary Volume, REV, is a control volume,V , composed of a fluid-phase and a (stationary) solid-phase. Fluid is contained in the pore space,  V , and the solid-phase is contained in the porous matrix solid of volume s V , in the same proportion as the whole porous medium.
An REV is therefore a control volume whose porosity is the same as that of the 
then porosity is then defined as
Length scales associated with the REV are microscopic and macroscopic length scales, l and L respectively. An REV is chosen such that 3 3 L V l   , wherein the microscopic length scale, l , could be the average pore diameter, and the macroscopic length scale, L , could be a depth of a channel. In order to develop the equations of flow through a porous structure we define the volume average (volumetric phase average) of a fluid quantity F per unit volume, as:
and the intrinsic phase average (that is, the volumetric average of F over the effective pore space,  V ) as:
Relationship between the volumetric phase average and the intrinsic phase average can be seen from equations (7), and (8), and the definition of porosity, (6), as:
, and the deviation of an averaged quantity from its true (microscopic) value is given by the quantity
The following averaging theorems are then applied to equations (1) and (4). Letting F and H be volumetrically additive scalar quantities, F  a vector quantity, and c a constant (whose average is itself), then, [5] :
where S is the surface area of the solid matrix in the REV that is in contact with the fluid, and n is the unit normal vector pointing into the solid, and a surface integral of the form
is valid under the assumption that the fluid-solid interface in the REV has a zero microscopic velocity.
(vii)… Due to the no-slip condition, a surface integral is zero if it contains the fluid velocity vector explicitly. Porosity, , may or may not be independent of time. It is time dependent in cases of flow of a corrosive material through a porous sediment.
Averaging the Governing Equations
Taking the average of both sides of equation (1), and using rule (v), we obtain:
By Gauss' divergence theorem, namely
, equation (9) takes the form when equation (1) is invoked:
(10) For the incompressible flow at hand, continuity of mass flow translates into vanishing normal component of velocity.
Taking the averages of both sides of equation (4) and applying rule (iii), we get:
The averages in equation (11) are evaluated term by term, as follows. Using rules (i) and (vi), we obtain:
Using rules (i), (v) and (iv), we obtain:
Using rules (i) and (ii), we have:
Flow of a fluid with pressure-dependent viscosity
Using rule (v), we get:
Using rule (i), we get
Now, substituting (12)- (16) in (11), we obtain:
Equations (10) and (17) represent the intrinsic volume averaged continuity and momentum equations. The deviation terms and surface integrals appearing in equation (17) 
Analysis of the Deviation Terms and Surface Integrals
Using Rule (vii) , the term is related to the hydrodynamic dispersion of the average velocity. Hydrodynamic dispersion through porous media is the sum of mechanical dispersion and molecular diffusion. Mechanical dispersion is due to tortuosity of the flow path within the porous microstructure, and molecular diffusion arises due to diffusion of the fluid vorticity, [1, 5] . Now, the above deviation term is an inertial representative of mechanical dispersion. In the absence of high velocity and high porosity gradients, the deviations in the velocity vector are small, and the product of deviations is negligible. Hence, the term
The term
is the interfacial viscous stress exchange, which corresponds to the microscopic momentum exchange of the Newtonian fluid with the solid matrix. It can be argued that this term depends on the morphology of the porous matrix, viscosity of the fluid and, if present, the relative velocity of the fluid-phase and the solid-phase. As a first approximation, the following expression can be used for this surface integral:
and k is the permea- 
Final Form of Governing Equations
Equations (10) and (18) represent the intrinsic volume-averaged continuity and momentum equations, respectively, written in terms of the specific discharge (superficial average of the velocity vector),
They are valid for variable porosity media. Letting
we can write (10) and (18) in the following forms: Continuity equation (10) 
Expanding the dyadic form on LHS of (20) and using (19), equation (20) takes the form:
Using (3), we obtain:
Defining      and using
in (22), we obtain:
Using (23) in (21) we obtain:
In equation (24), the product  is that of true fluid viscosity and porosity, which is an average viscosity in the porous medium. We shall take this product to be the average viscosity and thus write (24) as:
Equation (25) is valid for variable porosity media. If porosity  is constant, we obtain the governing equations as follows. Defining
, equations (10) and (18) yield, respectively, (after dividing throughout by  ):
or
The term (28) can also be written as: 
Conclusion
A set of equations governing the flow of a Newtonian fluid with variable viscosity through an isotropic porous medium has been derived. Equations have been derived for both variable-porosity and constant porosity material. In addition, we have taken viscosity to be variable without specifying the form of the functional dependence on pressure.
